In this paper, we consider the concept of connection cochain of central extensions introduced by Moriyoshi and apply it to the abelian case. We will show the relationship between connection cochain and connection 1-form of a principal bundle whose structure group is abelian.
Introduction
In [1] , Moriyoshi has introduced the concept of the connection cochain with respect to central extensions.
Definition 1. [1] Suppose that there is a central extension 1
/ / A / /G / / G / / 1 . A cochain τ : G → A that satisfies the condition τ (ga) = τ (g) + a for g ∈ G and a ∈ A is called a connection cochain.
In Definition 3, we apply this idea to the abelian extensions. From Remark 4 to Remark 7, we review some basic concepts of abelian extensions. In Example 8, we study the abelian extension
corresponding to a principal G-bundle, where G is an abelian group. We give an explicit expression of the action of Diff(M ) P on C ∞ (P, G) G in Equation (4), and the corresponding infinitesimal action in Equation (5). With the constructions above, we show Theorem 2 (Theorem 9). Let τ : Aut(P ) → C ∞ (P, G) G be a conenction cochain of abelian extension with respect to (3) and τ * ,1 Aut(P ) : X(P ) r → C ∞ (P, g) G its differential map over 1 Aut(P ) . If for all X ∈ X(P ) r with X p = 0,
is a connection 1-form over P .
Preliminary
Definition 3. For an abelian group extension
a connection cochain of abelian extensions is a map τ :G → A such that
for allg ∈G and a ∈ A.
where a ∈ A, g ∈ G andg is a lift of g inG. Note that (3) is independent of the choice of the lifts. Indeed, letg ′ be another lift of g. Then, since
we see that there exists a ′ ∈ A such thatg
It follows thatg
It's easy to see that µ induces an action of G on A. When (2) is a Lie group extension, then µ is a smooth action. Similarly, we can define an action ofG on A given by
These action (3) and (4) induces the coboundary map of the Lie group cochains C * (G, A) and C * (G, A), respectively.
Remark 5. If (2) is a Lie group extension, then there exists the following corresponding Lie algebra extension
The infinitesimal action of (3) is the differential µ * ,1G : g → X(A) given by
where V ∈ g, a ∈ A and c V (t) is a curve in G with initial vector V . Note that the curve induced by the exponential map exp(tV ) may be a choice of c V (t). Similarly, we have the action ν * ,1G corresponding to ν. These actions may be used to give the boundary map of the associated Lie algebra cohomology.
Remark 6. The abelian extension (2) induces a 2-cocycle χ : G × G → A associated with a section s : G →G, given by
called the Euler cocycle. The terminology 2-cocycle means that
Remark 7. Let G × χ A be the group with multiplication
the group structure of which is ensured by the fact that χ is a 2-cocycle. It's easy to see that G × χ A is isomorphic toG. Indeed, define Φ :
where s : G →G is the section inducing the Euler cocycle. Since
we see that Φ is a homomorphism. On the other hand, define Ψ :
we deduce that Φ is an isomorphism.
Example 8. Let G be an abelian Lie group and π : P → M a principal G-bundle. Then, we have the following abelian Lie group extension
where
and Aut(P ) = {ϕ ∈ Diff(P ) | ϕ(pg) = ϕ(p)g for all p ∈ P and g ∈ G}.
Moreover, ι :
for p ∈ P , and ρ : Aut(P ) → Diff(M ) P is given by
where x ∈ M and p is a lift of x in P . Note that Diff(M ) P = Im ρ. The corresponding Lie algebra extension is
where X(P ) r = {X ∈ X(P ) | r g * X p = X pg for all p ∈ P and g ∈ G},
called the right-invariant vector field over P . Indeed, for any curve ϕ(t) in Aut(P ) through 1 Aut(P ) , we have
which implies that Lie(Aut(P )) = X(P ) r . Moreover,
which is the Lie algebra of C ∞ (P, G) G . The maps ι * and ρ * are the differentials of ι and ρ over the identities of the corresponding groups, respectively. The action of Diff(M ) P on C ∞ (P, G) G is given by
for f ∈ Diff(M ) P , γ ∈ C ∞ (P, G) G and p ∈ P , where s : Diff(M ) P → Aut(P ) is a section of ρ : Aut(P ) → Diff(M ) P and σ : M → P a section of P which is smooth around f (π(p)). Note that (6) is independent of the choice of σ and we have identified CIt follows that
where we have regarded exp(tV ) as a constant function in C ∞ (P, G) G and ι(exp(tV ))(−) = (−) exp(tV ). Thus, by the definition of connection cochain, we have l τ (1 Aut(P ) ) −1 * τ * ,1 Aut(P ) (V p ) = d dt t=0 τ (1 Aut(P ) ) −1 τ (1 Aut(P ) ) exp(tV )(p)
Moreover, we have l τ (1 Aut(P ) ) −1 * τ * ,1 Aut(P ) (r g * X p ) = l τ (1 Aut(P ) ) −1 * τ * ,1 Aut(P ) (X)(pg) = l τ (1 Aut(P ) ) −1 * τ * ,1 Aut(P ) (X)(p)
where X is the right-invariant vector field extending X p , which implies that X pg = r g * X p . Therefore, l τ (1 Aut(P ) ) −1
